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Abstract

The joint asymptotic behavior in the generalized birthday problem is studied using
the apparatus of multi-level point processes. The analysis is based on a Poissonized
model. We introduce a method that combines a common normalization function with
a thinning operation for different completion levels. We prove the vague convergence of
the constructed thinned point process to a limiting Poisson process with independent
levels. As an application, the joint limiting distribution for the number of classes
reaching lower completion levels by a random time is derived.
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1 Introduction

Combinatorial probability theory, which studies the properties of random variables on
finite sets, is a classical branch of modern probability theory. One of the most famous
problems in this field is the birthday problem, which in its generalized form is closely
related to the coupon collector’s problem. In this paper, we consider the following
setup: an infinite sequence of objects, where each is independently assigned to one
of n classes with a probability of % The objects arrive sequentially at discrete time
points. For a fixed integer r > 1, we are interested in the first moment in time when
some class is represented for the (r + 1)-th time.

The asymptotic properties of this model have been actively investigated in recent
years. Specifically, the case of a single fixed completion level r was analyzed in de-
tail in (Ilienko & Stamatiieva, 2021). A further generalization, presented in (Ilienko
& Stamatiieva, 2024), involved studying the joint asymptotic behavior for all levels
simultaneously based on r-dependent power normalization.

This article proposes an alternative approach to studying joint asymptotics. We
consider a multi-level process where convergence is achieved by using a common nor-
malization for all levels in combination with a thinning operation. This approach
proves to be particularly effective for investigating certain specific functionals of the
process.

The objective of this work is to prove the convergence of the thinned multi-level
point process in a Poissonized model to a limiting Poisson process, and to apply this
theoretical result to find the joint limiting distribution for the number of classes that
have reached lower completion levels by a random time defined by an event at a fixed
higher level.

2  Preliminaries

Let us formally define the key random variables and concepts outlined in the Intro-
duction.
In the discrete-time model of the generalized birthday problem, we denote by Y;(:L )

the arrival time of the (r 4+ 1)-th object of class ¢. This variable follows a negative
binomial distribution, Y;(:f) ~ NegBin (r + 1, %) A significant challenge is that the
n
random variables {YZ(:L )} are dependent, which complicates direct analysis.
)iz
To overcome this dependency, we employ the method of Poissonization, first pro-
posed by L. Holst (Holst, 1986). This technique embeds the problem into a continuous-

time framework. In this Poissonized model, the corresponding arrival time ZZ.(jZ) for
each class ¢ has a gamma distribution, ZZ-(Z) ~ T (7“ + 1, %) A crucial property of

this framework is that the random variables Zl(f;), e ZSQ are now independent. The
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coupling between the two models is given by the equation:

v
Z Ej,

where {E; }j>1’ is a sequence of independent, standard exponential random variables.

The core of our approach involves the thinning of a point process (see Section 5.3
n (Last & Penrose, 2017)). The thinning of a point process v with a probability
p € [0, 1] is an operation where each point of v is independently kept with probability
p and removed with probability 1 — p. We denote the resulting thinned process as
T,v=pOv.

Our investigation of the joint asymptotics relies on constructing a multi-level point
process. First, we fix an integer o > 1 and introduce a common normalization function

for all levels r € {1,...,ro}:
$(x) = —, z€ER (1)

nT0+l

Before we construct the point processes, let us define the mode of convergence used
in this paper.

A sequence of locally finite measures {y,} on R is said to converge vaguely to a
measure  (denoted p, — p) if for every continuous function f : R — [0, 00) with
compact support, the following holds:

/R F(@)dpn(z) — / F () dpl)

The convergence of point processes in this paper, denoted by %, is understood as the
convergence in distribution with respect to the topology of vague convergence.
Using this, for each level r, we construct a single-level point process Vﬁ") from the

Poissonized variables:
Z Oyl (2

where 0, stands for the unit mass at a. )
Next, we introduce the thinning probability pin) — n 77T for each level r. The

main object of our study is the thinned multi-level point process Ht(}z)n on the space
Xy = U2 {r} x R. It is defined as the superposition of the individually thinned
single-level processes:

To To
(VPR st B
r=1 r=1

where B, are Borel sets and 7),(-) denotes the thinning operation.
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3 Main result

The main theoretical result of this paper establishes the vague convergence of the

thinned multi-level point process Ht(ﬁ)n, defined in (2), to a limiting Poisson process.
The theorem is stated as follows.

Theorem 3.1. Let H be a Poisson point process on the space X,, with the intensity
measure A given by

A (U{r} X BT> — Z%/B "z >0}z, B, < BR).
r=1 r=1 " T

Then, as n — oo, the thinned multi-level process converges vaguely in distribution to

H:
vd

g Mg

thin

Remark 3.2. The limiting process H has mutually independent levels, a consequence
of the superposition theorem for Poisson processes (see, e.g., Theorem 3.3 in (Last &
Penrose, 2017)). Furthermore, each r-th level has a clear interpretation (see Remark
3.2 in (Ilienko, 2019) for a similar interpretation): it is equal in distribution to a
standard unit-rate Poisson process on R after applying the non-linear transformation
hy(z) = ((r + 1)! - 2)71. This follows from the transformation theorem for Poisson
processes (see, e.g., Theorem 5.1 in (Last & Penrose, 2017)).

Proof of Theorem 3.1. Our proof is based on a classic criterion for the convergence of

point processes. To establish the vague convergence in distribution Ht(}?l)n Ny & , 1t 1s
sufficient to show that the following two conditions hold for any set U from a dissecting
ring that generates the Borel o-algebra on X, (see, e.g., p. 24 in (Kallenberg, 2017)).
We will verify them for sets of the form U = (J2, ({r} x B,), where each B, is a
finite union of disjoint bounded intervals, which form such a ring:

(1) limy o PLHGE (U) = 0} = P{H(U) = 0};
(i) limy,_ o EH (U) = EH(U).

n)

We begin by proving condition (i). The event that the process Ht(hin has no points
in U can be written as:

ro ro
P{Hp (U) =0} =P {HE&L (U{r} x Br> = 0} =P {Z T o™ (B,) = 0}
r=1 r=1
= IP’{Tpgn)z/ﬁ”)(Br) =0 Vr=1,..,r}.
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First, for any 1 <1 <19 < --- <1y < 1o, let us define the joint probability for a
single class i

n _ n (n)
P?"(h.)..,?"m - ]P) {¢£0)(Zz,r1) rl’ : 7w7"0 ( 4T m ) S B }
This probability does not depend on the index ¢, since the random variables ZZ.(Z) are
independent and identically distributed for different .
Using the independence of the classes and the inclusion-exclusion principle, the
void probability is given by:

P{Hj3(U) = 0} = (1 PR - CE D DI B Y

1<ri<rg 1<r1<ra<ro

r%—rl—rg—---—ro

n
+(—1)T°n‘ro+l-Pf??.,m) |
To find the limit of this expression, we analyze its logarithm. Since the sum in-

side the parenthesis will be shown to vanish as n — 0o, we can use the asymptotic
equivalence In(1 + «) ~ a, « — 0. This yields:

lim InP{ thln( ) =0}

n—oo
. _T0=T1
= — Z lim (n -m Totl -PT(")>
n—>oo 1

1<T1
2r0—r1—r2
_|_ g llm T0+1 . P(n) —
n—00 T2
1<r1<ra<s
2
) _rgTri=Ta—=Tg n
+ (1) lim (n-n To+ : P1( ) .
N—00 5eees 0

To prove condition (i), it is therefore sufficient to show that the limit in the first sum
equals -+ - [ «™ - {z > O0}dx, while the limit in the second sum vanishes. Since all
1JB,,

subsequent sums are bounded by the second, this will establish the required statement.
Z(”) _Z(n)

Since the increments of the underlying gamma process, ng) ZZ(?, s Zivo— i ro—15

are independent Exp (1) random variables, the density ﬁgl (x) of @DTO (Z n)) and the

) sT1
joint density fr1 rz(az y) of (wro ( ”1) zpro ( “,2)) respectively, can be derived using
a standard change of variables. They are given by:

~ 1
Fo@) = —L o exp (— : )n{x>0},
r1ln ot nrott
77”2-&-1
() = —— o (y—a) T exp [~ ) {0 < 7 <y},
T 7’1!(7’2 -7 — 1)' o+
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We now use the derived densities to compute the limits required to prove condition
(). ~

For the terms in the first sum, after substituting the expression for f,n(ln)(x) and
canceling the powers of n, we get:

T 7’ 1
Hm n-n ot -Pr(ln) = lim —/ z" exp (— ’ ) {x > 0}dx
n—00 n—oo 11! B, nm“
1
= — 2"z > 0} du.
r1! /B

1

The interchange of the limit and the integral is justified by the dominated convergence
theorem, as B,, is a bounded set.
Next, we show that the terms in the second sum vanish. Using the joint density

ﬁfj‘g(:c, y), we have:

. _27“077“177“2 (n) T0+1 ro—r1—1
lim n-n ot - P = lim — )
n—00 ’ n%oo?”ﬂ 7“2—7“1_1 By x By

xexp( )I[{O r < y}dudy.
nroJrl

Since 1 < 719 , the exponent 77 < 0 is negative. The integral converges to a

finite value as n — oo by the dominated convergence theorem. Therefore, the entire
expression vanishes. This completes the proof of condition (i).

Finally, we prove condition (ii). By the linearity of expectation and the properties
of the thinning operation, we have:

thln ZE (T (mV ) (Br) = rzopgqn)EV(n)
r=1

Since the process Vﬁn)(Br) is a sum of n independent and identically distributed indica-

tor variables, it follows a binomial distribution with expectation Eyﬁn)(B,a) —n-pP".
Therefore,

rg—r 1
lim EH) (U) = lim Zn n o P =" 5 /B 'z > 0}de = EH(U).
=1 r

n—oo

The limit of each term in the sum was established during the proof of condition (i).
Since both conditions of the convergence criterion are satisfied, the proof of Theorem
3.1 is complete.

]
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4 Application of the main result

As an application of the convergence established in Theorem 3.1, we can now derive
the joint limiting distribution for a key functional of the process. We will investigate
the number of classes that have reached completion level » + 1 by a random time,
which is defined as the moment the m-th class completes a higher(' l)evel, ro+ 1.

n

Formally, for a fixed level rg > 1 and a rank m > 1, let Z(m> o denote the m-

th order statistic among the completion times {ZZ(Z()) ? 1. We are interested in the

asymptotic behavior of the random vector of counts:

Q") = card{i: Z <Z(n) Y, o r=1,...,19— L

Tm (m),ro
The following theorem describes its limiting distribution.

Theorem 4.1. Let G,, be a random wvariable with a Gamma distribution, G,
['(m,1). Then, as n — oo, the following convergence in distribution holds in the
space RTo~1:

(n_:8+;-Q£%, 7“21,...,7“0—1)
r+1
1!‘Gmm
$<((TO+) )" ) T—l,...,ml).

(r+ 1)!

Proof. The proof relies on applying the Continuous Mapping Theorem to the process
convergence from Theorem 3.1 and then using a result that connects the convergence
of thinned random variables to their normalized counterparts.

Let us first define two functionals of the process Ht(}?n Let TT(:% be the m-th

point of the process on the fixed level ry3. Since the thinning probability at this level

is p7(a = n TT00+1 = 1, this point corresponds to the normalized m-th order statistic,

7“07 wro ( m 7'0)'
Next, consider the vector with components %(nm) = thn <{7“} (0, TT0 m)> , =

1,...,79 — 1. By construction, f/r(zﬂ? is the number of points of the thinned process
Tp( )Vﬁn) on the random interval (0, ﬂﬁn) This means that ‘77:(%) has the same distri-
bution as the thinned version of the original count, pr @ QTm

By Theorem 3.1 and the Continuous Mapping Theorem (see, e.g., Theorem 4.27
in (Kallenberg, 2017)), the vector of functionals (\77:(?1)) converges in distribution to a
limiting vector (f/,,,m), where f/r,m = H <{r} x (0, Tro,m)> and Tmm is the m-th point
of the limit process H on level ry.

The structure of the limiting process H (see Remark 3.2) determines the distri-
bution of this vector. The random time 7, ,, has the distribution of a transformed
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Gamma variable, T}, £ hyo(Gr) = ((ro + 1) - Gm)ro%, where Gy, ~ I'(m, 1).

Since the levels of H are independent, the limiting counts V,,, are conditionally
independent random variables that follow a Poisson distribution with parameter

b (0, =
r \\Ms Lrom) ) = AT
Thus, we have established the convergence for the vector of thinned counts:

n n n n d /<
(P © QN P © QN1 ) S (Vi Vi 1),

where the components of the limiting vector have a mixed Poisson distribution, which
can be represented as

V. ~N, ((ro+ 1)L+ G) o0
r,m T (7"—'—1)! )

with IV, being independent unit-rate Poisson processes.

With the convergence of the thinned counts established, the final step is to invoke
the result that connects this to the convergence of their normalized counterparts (see,
e.g., Theorem 4.1 in (Ilienko, 2020)). Since its technical conditions are satisfied, the
theorem’s application completes the proof of Theorem 4.1. ]

5 Summary

This paper presents an effective method for analyzing the joint asymptotics in the
generalized birthday problem by constructing a thinned multi-level point process. The
established convergence of this process allows for the derivation of the joint limiting
distribution for key process functionals, such as the number of completion events by a
random time. A natural direction for further research is the extension of these results
to the original, non-poissonized model.
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Awmotartig. VY cTarTi J0CHIIKEHO CHIIbHY ACHMITOTHYHY MOBEIIHKY XapPaKTEePUCTHK y3arahbHe-
HOT 3371241 PO JHI HAPOKeHHA. AHaJIi3 MPOBEIEHO B PAMKAX MyaCCOHI30BAHOT MOJIE/i 3 BUKOPUCTA-
HHAM amnapary 6araTopiBHEBUX TOYKOBHUX IIPOIIECIB, IO JIO3BOJIIE YHUKHYTH IIPOOJIEMU 3aJ1€2KHOCTI,
BJIACTHUBOI BUXIIHI{l TOCTAHOBII 3aJa49i. 3alIPOIIOHOBAHO Ii/IXiJ 0 BUBUEHHS CILIBHUX aCUMITOTHUK,
KW TOJIATa€ B 3aCTOCYBaHHI CIJIBHOI HOPMYIOUOl (DYHKIIIT y ITOETHAHHI 3 ONEPAI€Io MPOPiIzKeHH,
HMOBIPHICTH KOl 3aJ€:KUTh BiJI JOCTIIKYBAHOTO PiBHS 3allOBHEHHS.

OCHOBHHM TEOPETHYHUM PE3YJbTATOM € JAOBEeJAeHHsI Ipy00i 30i2KHOCTI 3a PO3IOIALIOM 1T0OY10-
BAHOT'O TAKMM YMHOM TOYKOBOI'O HPOIECY JI0 'PAHUYHOIO IIyaCCOHIBCHKOIO IHPOIECY, CTPYKTYPHOIO
0CODJIMBICTIO IKOT'O € He3aJIe2KHICTD floro piBHiB. K 3acTocyBaHH4 Ii€] TEOPEMU OTPUMAHO CILIHHUN
IPAHUIHUN PO3MOJIA A KITHKOCTI THIIB, MO JOCATIN HAZKINX PIBHIB 3aMOBHEHHS J0 BUIIAIKOBOTO
MOMEHTY, BU3HAYEHOI'O 1M-TUM 3aMOBHEHHAM Ha BHUIIOMY piHi. [lokazano, 1o rpaHuyHuii po3mo/Ii
€ 3MIIMTAHUM MYaCCOHIBCHKUM, Jie 3MINTYI0Y0I0 BHCTYIIae TaMMa-PO3IO/IilIeHa BUMAIKOBA BeJIMINHA.

Krouosi cioBa: y3arajgbHeHa 3a1a49a Ipo [IHI HAPOIZKeHH, OaraTopiBHEBUH TOYKOBHI IIPOIIEC,

yaCcCOHIBCHKUI Ipoliec, MmyaccoHi3allid, NpopiizKenns, rpyba 36i:KHICTb.
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