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Abstract

One very spesific case of linear second-order autoregressive sequence of random vari-
ables, the so-called stochastic Fibonacci sequence, is considered. For a random series,
whose terms are properly normed partial sums of elements of the Fibonacci sequence,
we study assumptions which garantee almost sure convergence of the introduced series.
Obtained result is quite simple and understandable. In partcular, it implies that the
Strong Law of Large Numbers for the Fibonacci sequence holds true.
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1 Introduction

On a common probability space (€2, F,IP) consider one particular random sequence
(&k) = (&, k > 1), described by the following system of recurrence equations

So=0, &i=01, & =81 +&—o+0, k=2, (1)

where (0y) is a sequence of independent symmetric random variables, P{6; = 0} < 1,
k > 1. Implying some analogy, let us call (&) the stochastic Fibonacci sequence.
Obviously, (&) belongs to the class of linear autoregression models, which are widely
studied throughout the literature, see, for instance, (Buraczewski, Damek, & Mikosch,
2016), and references therein. Set

n
Sn — kaa n z 17
k=1

In this paper we study almost sure (a.s.) convergence of the series

00 Sn
D (2)

n=1

where © = H‘[ is the golden ration, and € > 0.
Series of sunllar kind for sums (Sn) whose terms are independent random vari-
ables or random elements in Banach spaces appear, for instance, in (Li, Qi, & Ros-

alsky, 2011). Namely, authors obtained general assumptions under which the series

> LL‘?Z!, converges a.s. In (Ilienko, 2017) the a.s. convergence of the series Y | %

was investigated for sums (.5,,), whose terms are elements of linear first-order autore-
gression sequences of random variables.

In this paper we focus only on stochastic Fibonacci sequence, although applied
methods allow us to consider the most general case at once, say, any m-th order
autoregressive sequence.

2  Preliminaries

In what follows, we will use 2 auxilliary facts, which are presented in this section.
First of all we recall the well known Kahane’s contraction principle (Kahane, 1985;

Buldygin & Solntsev, 1997). Let X be a separable Banach space endowed with the norm

| - ||, and (X%) be a sequence of independent symmetric X-valued random elements,

Sp=X1+Xo+ ...+ X,, n>1 Let also (¢x) be a non-random sequence such that

sup|ck| < oo, and §n = X1 +eXo+ ...+, X, n>1.

k>1
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Proposition 2.1. [Kahane’s contraction principle/
If the sequence (S,) converges a.s. in the norm of the space X, then the sequence
(Sn) converges a.s. in the norm of the space X.

Secondly, let us present a criterion for the convergence a.s. of the series, whose
terms are elements of linear autoregression sequence of random variables. The result
below is adapted to the case of the sequence of order 3, the general case is considered
in (Buldygin & Runovska, 2014; Ilienko, 2016).

Thus, consider a zero-mean third order autoregression sequence of random variables
(Ck), i.e. the sequence which obeys the system of following recurrence equations:

(o =C(1=2¢ =0, Ck—b )G 1+b )G 2+b Coos + By, k=1,

where (fj) is a nonrandom real sequence, (b,(f); j=1,2,3, k>1)is a nonrandom
real-valued set, and (6y) is a sequence of independent symmetric random variables such
that P{0, = 0} < 1, k > 1. Let R™ be the class of all sequences of positive integers
increasing to infinity.

Proposition 2.2. The series Y ;- (i converges a.s. if and only if the following three
assumptions hold:
1) for any k > 1 the nonrandom series (Z})Oo Bkugﬁlv 15 convergent, where

(ugﬁl),n > k — 1) is a nonrandom sequence which obeys the system of recurrence

equations
u kD) — 0, D) @), (k1) b(?’)uff“) n>k+1,

n n n—1 n n—2 n -3
(k+1) _  (k+1) (k+1) .
Uy =y =0, w7 =1

2) the series Y oy Upby converges a.s., with Uy, =Y 12, Bru kk;l k>
3) for all the sequences (m;) from the class SR>

mj41 mj41— k
(k+1)
lim g ( g uk;+l >5k¢9k’=0, a.s.
j—>OO
k=m;+1

3 Main result

Set

. 1
U= ) e k2L

where |-] stands for the floor function.
Let us directly proceed to the main result.
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Theorem 3.1. If in (1) EA% < 0o, n > 1, and

S 2R < o,

n=1
then the series (2) converges a.s.

Proof. First note that the sequence of partial sums (.5,) of the Fibonacci sequence
obeys the system of recurrence equations of the 3-d order:

S 1=5=0, S =6, S5,=25,_1—5,3+60,, n=>2.

If we denote |

_ >
nH"S()On’ n/l’

Cn:

and S*n = ¢, Sy, then the sequence (S,) in its turn obeys the system of the following
recurrence equations

S, = ( 26n )S*n_l + (_C”)S’n_g e, n>2.

Cp—1 Cn—3

Thus, the series (2) converges a.s. if and only if the series 3°°° S, converges a.s.
According to Proposition 2.2 the series >~ S, converges a.s. if and only if the
assumptions 1)-3) hold true, where

n n
Cn—1 Cn—3

Since,

k Ck+i
ul(€+'121> (Fk—H 3 — 1) CZ [ > 0,

then the series <ij0 Bkugﬁgl)) is of the following form

> () 3)

=0

where F},, is the m-th Fibonacci number, starting with Fy =1, Fy =1, F3 =2, F), = 3,
F5 =5, and so on.
Ommiting straightforward calculations, one has that
Fri3—1 _ 1+ (—l)k—H
90/4;+l g03\/5 ’
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Therefore, the series (3) converges for any k > 1, and U’s are well-defined. Thus,
assumption 1) of Proposition 2.2 holds true. Now, Uy’s from Proposition 2.2 are of the
following form

1 =~ 1 U
Up = — = k=>1,
3\/_2 ml-i—s 25(5+2\/5) | %lJ ]1-‘1-5 (5+2\/_)
e
and due to the assumptions of the Theorem and the well-known two-series Theorem,
the series Y -, U0y converges a.s. Therefore the assumption 2) of Proposition 2.2
holds true as well.
Finally, fix arbitrary sequence (m;) from the class 8. Since for any k£ > 1

mj41— k mj+1—]€

o F o — 1 1
(k+1) g k-3
E “k+z = E (Frti1—3 — 1)cpr < E ( o )(k )t = Us,

according to Kahane’s contraction principle, assumption 3) of Proposition 2.2 follows
immediately from the convergence of the series Y, ; Ui0y.

The proof is complete.
O

In conclusion, let us emphasize that the series, whose terms are elements of the
Fibonacci sequence itself, i.e. the series > &, is divergent a.s., as well as the series

> 1—15 (not normalized by ¢" in comparison to (2)). It is clear even intuitively,

since with increase of n the coefficients of &, behave as Fibonacci terms itself.
Observe also, that the sequence (Un, n > 1) is monotonically decreasing, which
yields that the sufficient conditions of Theorem 3.1 can be further simplified. Indeed,
for the series (2) to converge a.s. it is sufficient that the series > ;7 E6% converges,
or equivalently, that the sequence (ZZ:1 EfZ, n > 1) is uniformly bounded. But, if

Ok, k > 1, are identically distributed, then series (2) converges a.s. if > >, (?,3 < 00,
which in its turn is possible only for e > 1/2.

4  Summary

Although the very specific case of the autoregressive sequence is considered, the result is
quite pleasant and simple. In particular, it implies that if the assumptions of Theorem

3.1 are satisfied, then

holds true.

Further investigation of sequence (1) and other linear regression sequences of similar
type might deal with complete convergence, as considered in (Ilienko, 2021) for linear
first order autoregression sequences.

n

> 0 a.s., that is the Strong Law of Large Numbers

nltepn n—00
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Awnoramiga. VY crarti poO3rJISHYTO OJWH YaCTKOBHIl BHUIIAJO0K JIHIITHOI aBTOpErpeciitnol mocii-
JIOBHOCT1 BUIIQ/IKOBUX BEJIMYWH JIDYTOTO MOPSJIKY, TaK 3BaHA CTOXACTUYHA Mocai1oBHiCTh Pibonaddi.
A came, mexaii nocainoBricTh BunaakoBux Benndud (&) = (&, k > 1) 3a10BOJBHSE CHCTEMY DeKy-
PEHTHUX CIiBBIIHOIIEHb!

S=0, &L=01, =861 +&—2+0, k=2,

nie (0x) — TMOCTIMOBHICTD He3ATEKHUX CAMETPUIHO PO3MOIIICHIX BUMAIKOBUX BeqnduH. Hexait S,, =
Y ri &k n = 1. Posrusinemo Bunaakosuii psiy

o

S,
Z TLH_:QOR ’

n=1
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S

e p = ”2 — 30J10THi Tepepi3, Ta € > 0. Y cTaTTi BUBYAIOTHCA YMOBH, 38 IKUX IeH PsJi € 3012 KHIM

MajiKe HameBHO. A came, BCTAHOBJIEHO, IO I 301KHOCTI psily Maifzke HAIleBHO JIOCTATHBO, 100
BUKOHYBAJINCh HACTYIIHI YMOBH:

Ef? <00, k>1, Ta ZU3E0i<oo,

n=1

N 1 . .
ne U, = Z]o’; L it J F, k > 1. Bokpema 31 3012KHOCT1 pO3TSTHYTOTO PSAIy OJpa3y BUILIUBAE TOCUICHUN
2

3aKOH BEINKHX YHCEJ I CTOXAcTHUHOI mocaimosaocTi Gibonaqadi.
Korouosi cioBa: JiHiiiHi aBroperpeciiiii Mojiesi; MOoCHJIeHHH 3aKOH BEJIHKHX YUCET; CYMH BHU-

A KOBUX BEJUYNH; 3012KHICTH MaiiyKe HAIIEBHO BUIIAIKOBUX PSIIiB.
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