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Abstract

Some comments concerning the origin of the (R-O) notion for real functions are
given, which has been used in the paper above, but was first introduced by Avakumovi¢
(1935). Moreover, some later extensions and generalizations of such functions are briefly
discussed.
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There are two versions of the paper, namely (Avakumovi¢, 1936a) in Serbo-Croatian,
and (Avakumovié, 1936b) in German. Both papers in §5 contain the following condition

h<EX < H,  0<t<ELA (R)

V. Avakumovi¢ mentions that condition (R) may succesfully change the assumption
in Theorem O (which is the main result of (Avakumovi¢, 1936a) and (Avakumovic,
1936b)) that the function p is regularly varying.

Theorem. O. Let p be a reqularly varying function. Assume that A is a function of
bounded variation in every bounded interval and the integral

/0 et dA(®)

/ e "' dA(t) = O(1) as o —0
0

exists for every o > 0. If

and

for some A > 1 and all 0 <t <t < A, then
A(t) = O(1) as t— oo,

Condition (R) above also appeared, as Condition (R-O), in an earlier note of
(Avakumovi¢, 1935). V. G. Avakumovi¢ himself, however, did not further investigate
functions possessing this property in other works, so one may view (Avakumovic, 1935)
as an origin of the topic of (R-O) functions, later also called O-regularly varying (ORV)
functions. It was Karamata (1936) who first studied properties of such functions in
more detail, in fact, he returned to the notation (R-O) (instead of (R)) and introduced
a different version of this condition (cf. (3) in Karamata, 1936, p. 210). Later Bojanic
and Seneta (1971) continued the study of functions satisfying (R-O) (see also Seneta,
1976, Appendix A).

Nowadays the notation ORV (or simply OR) is mainly used in the literature for the
class of functions satisfying (R-O) or (R), respectively. In view of the above history,
however, the notions of Awvakumovié functions or Avakumovié—Karamata functions
could also be considered as appropriate names for this type of functions (see, e.g.,
Buldygin, Klesov, and Steinebach (2002, 2004)) (also see (Buldygin, Indlekofer, Klesov,
& Steinebach, 2018)).
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In the sequel we shall briefly mention some other developments, extensions and
generalizations, which have been contributed to the theory of ORV functions by several
authors. Bari and Stechkin (1956) and Matuszewska (1962), for example, obtained
some related results without referring to the works of Avakumovi¢ or Karamata. More
details on this are given in (Seneta, 1976) and (Bingham, Goldie, & Teugels, 1989).

Aljanci¢ and Arandelovié¢ (1977) made a step from (R) towards Karamata’s (Karamata, |
1936) form of the condition. Let

. f(Ax) . f(Az)
f«(A) = liminf . ff(\) = limsup ,
W= T TR
be the lower and wpper limit functions for f. Among other results, it is shown

in (Aljanci¢ & Arandelovi¢, 1977) that, for measurable functions f, (R) is equivalent
to the condition that

A >0,

f*(A) <oo foreach > 0. (C)

Then (R) is a kind of a uniform convergence theorem for ORV functions.

Feller (1969) used a dominated variation condition for monotone functions which
turns out to be equivalent to (C). Such a dominated variation condition and some
properties of the corresponding functions have also been studied in (Krasnosel’skii &
Rutickii, 1961).

Some other related conditions have been introduced. For example, the class of
extended regularly varying (ER) functions is characterized by the property that

A< F () < AN KA foreach A>1

(confer, e.g., Bingham et al. (1989, Definition on p. 65), who also refer to Matuszewska
(1965) for this notion).

An even wider class is given by Cline’s (Cline, 1994) intermediate reqularly vary-
ing (IR) functions satisfying

lim f,(A\) =1 or, equivalently, lim f*(\) =1
A—1 A—1

(see also Buldygin, Klesov, and Steinebach (2002)). Obviously, the classes are nested,
i.e., ER C IR C OR.

A natural generalization of the class of Avakumovié¢ functions has been presented
in Buldygin, Klesov, and Steinebach (2004). Therein, a point A is called regular for a
function f defined on (0, 00), if the limit

lim f(Ax)
5 F @)

exists and is finite, and it is shown that the set of regular points is a multiplicative
group. If this group is non-degenerate, i.e., if it contains at least one more A\ # 1,
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then one can explicitly describe the limit functions f, and f* as well as obtain a
characterization of such functions. Namely, the limit functions are of the form
AP
(AN = ———— d ff(\) =NP(log\), X>0,
where p € R and P is a periodic function being uniformly bounded away from 0 and
oo. Moreover, f can be represented as

f(x) = ’s(x),

where s is a O-slowly varying (OSV) function such that s*(\) = P(log \) (cf. Drasin
and Seneta (1986) for the definition and properties of OSV functions).

References

Aljanci¢, S., & Arandelovi¢, D. (1977). O-regularly varying functions. Publications de
UInstitut mathematique, 22(42), 5-22.

Avakumovié, V.G. (1935). Sur une extension de la condition de convergence des
théoremes inverses de sommabilité. C. R. Acad. Sci. Paris, 200, 1515-1517.

Avakumovi¢, V.G. (1936a). O jednom O-inverznom stavu. Rad Jugoslovenske
Akademije Znatnosti i Umjetnosti (Rareda Matematicko—Prirodoslovnogo),
254(79), 167-186.

Avakumovié¢, V. G. (1936b). Uber einer O-Inversionssatz. Bull. Int. Acad. Youg. Sci.,
29-30, 107-117.

Bari, N. K., & Stechkin, S. B. (1956). Best approximations and differential properties
of two conjugate functions |in Russian|. Trudy Moskovskogo Matematicheskogo
Obshchestva, 5, 483-522.

Bingham, N. H., Goldie, C. M., & Teugels, J. L. (1989). Regular variation (Vol. 27).
Cambridge: Cambridge university press.

Bojanic, R., & Seneta, E. (1971). Slowly varying functions and asymptotic relations.
Journal of Mathematical Analysis and Applications, 34 (2), 302-315.
https://doi.org/10.1016/0022-247X(71)90114-4

Buldygin, V. V., Indlekofer, K.-H., Klesov, O.1., & Steinebach, J.G. (2018). Pseudo
reqularly varying functions and generalized renewal processes. Berlin: Springer.

Buldygin, V. V., Klesov, O.1., & Steinebach, J. G. (2002). Properties of a subclass of
Avakumovié¢ functions and their generalized inverses. Ukrainian Mathematical
Journal, 54(2), 179-206.
https://doi.org/10.1023/A:1020178327423

Buldygin, V. V., Klesov, O.1., & Steinebach, J. G. (2004). On factorization representa-
tions for Avakumovié-Karamata functions with nondegenerate groups of regular
points. Analysis Mathematica, 30(3), 161-192.
https://doi.org/10.1023/B:ANAM.0000043309.79359.cc


https://doi.org/10.1016/0022-247X(71)90114-4
https://doi.org/10.1023/A:1020178327423
https://doi.org/10.1023/B:ANAM.0000043309.79359.cc

Mathematics in Modern Technical University, 2018(1), 5-10 9

Cline, D.B.H. (1994). Intermediate regular and II variation. Proceedings of the
London Mathematical Society, 3(3), 594-616.
https://doi.org/10.1112/plms/s3-68.3.594

Drasin, D., & Seneta, E. (1986). A generalization of slowly varying functions. Pro-
ceedings of the American Mathematical Society, 96(3), 470-472.
https://doi.org/10.2307/2046597

Feller, W.  (1969).  One-sided analogues of Karamata’s regular variation.
L’Enseignement Math, 15, 107-121.
https://doi.org/10.5169/seals-43209

Karamata, J. (1936). Bemerkung iiber die vorstehende Arbeit des Herrn Avakumovic,
mit ndherer Betrachtung einer Klasse von Funktionen, welche bei den Inversion-
ssiatzen vorkommen. Bull. Int. Acad. Youg. Sci, 29-30, 117-123.

Krasnosel’skii, M. A., & Rutickii, Y.B. (1961). Convex functions and Orlicz spaces.
Groningen: P. Noordhoft.

Matuszewska, W. (1962). Regularly increasing functions in connection with the theory
of L**-spaces. Studia Mathematica, 21(3), 317-344.
https://doi.org/10.4064/sm-24-3-271-279

Matuszewska, W. (1965). A remark on my paper “Regularly increasing functions in
connection with the theory of L*?-spaces”. Studia Mathematica, 25, 265-269.
https://doi.org/10.4064/sm-25-2-265-269

Seneta, E. (1976). Regularly varying functions. Berlin: Springer-Verlag.

0.1 Klesov, J. G. Steinebach (2018). Some comments on the paper “O jednom O-inverznom stavu”
by Vojislav G. Avakumovi¢. Mathematics in Modern Technical University, 2018(1), 5-10.

Submitted: 2018-10-07
Accepted: 2018-11-14

O.1. Kuecos, I1.T. Ilraitne6ax (2018). Kinpka 3ayBazkenn crocopro ctarti “IIpo omme O-3B0poTHe
Teepzkenns’ BoiciaBa ABakymosuua. Mathematics in Modern Technical University, 2018(1), 5-10.

Anoraniga. CrarTio NPHUCBAYEHO PO3BUTKY ifel MpaBMIbHO 3MIHHOI 3MiHM (DYHKITH AificHOTO
aprymenty. Ocob/iuBy yBary HIpHJILICHO Y3araJibHEHHIO IbOT'O IOHATTS, dKe BIEpIIe 3’ dBUIOCH Y
crarTi B. ABakymoBiua B 1936 porii cepOChKO-XOPBATCHKOIO MOBOO. 3apa3 Il BJIACTHBICTH IMO3HAYA-
erbest ORV abo OR, xod4a iHOJI BUKOPHCTOBYEThCA i opurinajbHe nosnadenus R—O. Oynkiii, gki
MAOTh I[I0 BJIACTHUBICTh, HA3UBAIOThCA (PyHKIIIMU ABakymoBuda—Kapamaru. B crarTi mpoctigzkeHo
po3BuTOK BiaactuBocti ORV B cTarTax iHmEX aBTopiB, moumHaown 3 podorn 1. KapamaTn, Takox
orry0OJtikoBauiit y 1936 porii.

Y XX cTopivdi 18 BJIACTHBICTH JOCJILIKYBaIACh 31€0LIBIIOr0 ¥ 3B A3KY 3 KOHKPETHUMH 3aCTO-
CYBaHHSIMHU Y MaTeMaTHIHOMY aHaJi3i abo Teopil fiMmoBipHocTeit (1uB., Hanpukaai, Bapi ta Creukin
(1956) abo Pestep (1969), a Takox iHmi poboru y cnucky Jiteparypu). [lisuime 3’gpuucst poboTH,
y akux BaactuBictb ORV BuKopHCTOBYBajach y Teopil 3BHYalHUX JTuepeHIialbHuX PiBHIHb, TEOPIil
YHCceI, KOMILIEKCHOMY aHaJi3i, PyHKIIOHAJILHOMY aHAIi31 TOIIO.

Pazom 3 num 3’9BUJI0CS PO3YyMIHHS, IO 1151 BJIACTUBICTH € HAJITO 3aTaIbHOIO, & 11 YaCTKOBI BUITAIKH
TAKOK MAIOTh MMTUPOKE KOJIO 3MICTOBHHUX 3acTocyBaHb. OcoO/JUBY yBary y aApyriit 4acTusi crarTi mpu-
JineHo BaacTuBocTaM PRV Ta HeBUPOIKEHOCTI ITPYIU PeTyAdpHUX TOYOK, IKi aBTOPHU JTOCIIIZKYBaJIN
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paszom 3 B. B. Bysigurinum ta K.-X. [ngiexkodepom, nounnamoyn 3 1999 poky. Biacrusicts HeBupo-
JIZKEHOCT1 TPy peryJgapHuX To9oK Bupizuse 3 kaacy ORV Ti dyukiil, y akux rpanurg Kapamaru
icHye I pUHAWMHI JIBOX TOYOK. BHABISE€THCH, MO KOXKHY 3 TaKuX (PYHKINH MOXKHA 300pasuTu
aK J100yToK neBHOl (yHKmil Kapamaru Ha iHmry JiorapudMidao nepiogundny (yHKIN0, TOOTO TaKi
GYHKIT yTOBOPIOIOTH OLIBIN IMUPOKKUH KJac, HizK TpaBUIbHO 3MiHHI (pyuKii Kapamaru.

Knac RV cknamaerbesa 3 Tux GyHKIIH, 9Ki 36epiraloTb aCHMITOTUYHY €KBiBaJeHTHICTH SK TI0-
caijioBuocreit, tak 1 dyunkuiit. HegBuo Taky B/jacTUBiCTH BUKOPUCTOBYBAJIU PAHINIO Oararo iHIINX
aBTOpPIB, IPOTE BOHU HE MOMidYaJ/id, IO 3a HEI0 IPUXOBaHa Teopid, Oarara Ha pe3y/abTaTH BHYTPi-
IMHBOTO XapaKTepy Ta Ha 3acTocyBanHd. /leTabHO BJACTUBOCTI HEBHPOJIZKEHOCTI ITPYIH PETY/IsPHUX
TOYOK Ta 30epekeHHs aCUMITOTHIHOI eKBIBAJIEHTHOCTI BUKJIaAeHO y MoHOorpadil Bymanrin, Tamie-
kodep, Kiecos ta IllTaiine6ax (2018).

Koarouosi caosa: npasusibno 3minni dyuknii; ORV-dyHKii; HeBupomzKeHa rpyna peryisapaux

TOYOK; 30eperKeHHsI aCUMITOTAIHOI eKBIBAJIEHTHOCTI.
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